Note on MCA for Branched Pathways
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Reder (1988) developed the theory first, but his paper mainly concerned on proving theorems, propositions in matrices and the application example is incomplete.  Ehlde and Zacchi (1997) re-present Reder in an easy reading manner with an example.  However, that example stopped once the control coefficient matrices developed and didn’t go further with example kinetics to determine the control coefficient.  Ehlde and Zacchi also missed some important steps for applying this method for MCA.  Stephanopoulos, et al. (1998), inherited the same presentation from Ehlde and Zacchi, but for some points they over-simplified concepts.  They also use a too simple pathway as the example, but they have examples on determining value for control coefficient.  However, similar to all other examples presented in Stephanopoulos’ book, they didn’t write down the details of kinetics, e.g. all kinetic equations for all reaction within the pathway and values for those parameters.

The primary purpose of this document is to write down the comprehensive procedures on how to perform MCA for any pathway structure with comprehensive examples.
Basic Nomenclature

In this document, following symbols will be used and may be different from those references.
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In this document, an element of vector 
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Note that, Ehlde & Zacchi presented as 
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.  Also, Nielsen, et al. presented the MCA for a special case: linear pathway.  Where the arrangement of coefficients within matrix is different from generic case.  Therefore, it should not compare those notation directly.
Control Coefficients
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The change in intermediate concentrations is determined by the stoichiometry matrix 
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 and fluxes (rates) of reactions 
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.  All reaction fluxes can be expressed as a function of 
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 is the stoichiometry matrix and it will be defined later.
If one of these arbitrary functions is differentiated with respect to one enzyme concentration, 
[image: image42.wmf]k

E

, the result is
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The enzyme concentration 
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 is an element of parameter vector 
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.  If the parameters are not in any way coupled, i.e., if a change in one parameter doesn’t affect the others:
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Eliminate zero terms in Eq(1) and multiply the equation with 
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Flux control coefficient: 
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The parameter elasticity coefficient is a measure of the response in the reaction rate to variations in an enzyme concentration.  In traditional MCA these parameter elasticity coefficients are assumed 
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Substitute above coefficients into Eq(2):
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The flux control coefficient of 
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It means, if we modify the enzyme concentration of 
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Extend Eq(3) to all enzyme in the pathway:
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Further extend Eq(4) to all steady-state fluxes:
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We can name the matrices in Eq(5) as:
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Note that:
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Linear Pathway

Linear pathway is a special case of MCA.  However, it is the traditional approach to develop MCA.  It may be possible to derive the MCA equation for linear pathway from general case:
Recall Eq(6):
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Rearrange Eq(6):
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For linear pathway, there are 
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Note that due to the dimensions of matrices involved are different to the general case, it is necessary to further justify above derivation.
Branched Pathway

Eq(6) is a system of equations with 
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).  Therefore, it is necessary to reduce the problem as a solvable problem.  The structure of pathway now is considered as part of the problem.

The same pathway of Ehlde & Zacchi will be used as example.  But all reaction kinetics will be assigned as reversible in our example:
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There are 5 reactions (r, .., v) and 5 intermediates (A, .., E).  This pathway has both branched reactions and co-enzymes (C and D).
Stoichiometry Matrix

Stoichiometry matrix 
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[image: image131.wmf]N

 links up all fluxes with all intermediate concentrations.  I.e. you can obtain any fluxes by knowing all intermediate concentrations.
Example:
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Stoichiometry matrix 
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 is the structure of the pathway.  Information about the express of 
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Example:
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Let 
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Example:
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To have better operation, it’s better (or it is must) renumber rows in 
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 to have all independent rows above all dependent rows in 
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[image: image161.wmf]R
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 links up all fluxes with independent intermediate concentrations.  I.e. you can obtain any fluxes by just knowing the independent intermediate concentrations.
Example:
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Let 
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[image: image168.wmf]C
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 links up independent fluxes with all intermediate concentrations.

Example:
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Let 
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[image: image174.wmf]RC
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 links up independent fluxes with independent intermediate concentrations.

Example:
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Concentration Link Matrix, 
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Delete the dependent columns of 
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 in Eq(14):
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[image: image182.wmf]X

L

 links up all intermediate concentrations with independent intermediate concentrations.  I.e. you can obtain the dependent intermediate concentrations by just knowing the independent intermediate concentrations.
Example:
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Let 
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Example:
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Integrate Eq(16), we have:
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Where 
[image: image193.wmf]A

 is an 
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It means the sum of concentrations of NADH and NAD+ is constant, 
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Example:
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Also, 
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[image: image208.wmf]0
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 links up dependent fluxes with independent intermediate concentrations.  I.e. you can obtain dependent fluxes by just knowing the independent intermediate concentrations.

Example:
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Where 
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 is an 
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 vector of dependent fluxes, and 
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 vector of independent fluxes.
Example:
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Rearrange Eq(20), we have:
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The product of 
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[image: image221.wmf]0
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 links up dependent fluxes with independent fluxes.  I.e. you can obtain dependent fluxes by just knowing the independent fluxes.
Example:
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Also, 
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Flux link matrix, 
[image: image224.wmf]J
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And 
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[image: image228.wmf]J

L

 links up all fluxes with independent fluxes.  I.e. you can obtain all fluxes by just knowing the independent fluxes.
Example:
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Solving the Control Matrices

With the aid of structure information of the pathway, here we’re going to reduce the system of equations in Eq(6) into a solvable problem.
At steady state, the intermediate concentrations are determined by Eq(17):
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Let 
[image: image234.wmf]q

 be a dependent intermediate and 
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 be an independent intermediate.

Apply this relationship to concentration control coefficient for dependent intermediate 
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The concentration control coefficient of any independent intermediate 
[image: image238.wmf]i

 is:
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Then, the concentration control coefficient of dependent intermediate 
[image: image241.wmf]q

 becomes:
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Note that 
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 for independent intermediates.

Let 
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Example:


[image: image247.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

÷

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

ç

è

æ

-

-

=

÷

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

ç

è

æ

×

-

×

×

×

-

×

×

×

×

×

×

×

×

×

×

×

=

E

C

D

C

E

C

E

B

E

A

D

C

D

B

D

A

C

C

C

B

C

A

B

C

B

B

B

A

A

C

A

B

A

A

X

F

L

0

0

0

0

1

0

0

0

1

0

0

0

1

1

0

0

1

0

0

1

0

0

0

1

0

0

0

1


And we also have: 
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Where 
[image: image249.wmf]X
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 is the concentration control coefficient matrix for the independent intermediates with dimension 
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.  By using Eq(25), we only need to calculate the concentration control coefficients for those independent intermediates and we can also obtain the coefficients for those remained dependent intermediates too.
At steady state, the fluxes are determined by Eq(23): 
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Let 
[image: image254.wmf]r

 be a dependent flux and 
[image: image255.wmf]k

 be an independent flux.
Apply this relationship to flux control coefficient for dependent flux 
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The flux control coefficient of any independent flux 
[image: image258.wmf]k

 is:
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Then, the flux control coefficient of dependent flux 
[image: image261.wmf]r

 becomes:
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Note that 
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 for independent fluxes.

Let 
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Note that in this example, 
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 doesn’t stand for dependent flux but the reaction flux of reaction 
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 in the example.

And we also have: 
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Where 
[image: image271.wmf]J

R

C

 is the flux control coefficient matrix for the independent flux with dimension 
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.  By using Eq(27), we only need to calculate the flux control coefficients for those independent intermediates and we can also obtain the coefficients for those remained dependent intermediates too.

Recall Eq(6):
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Substitute Eq(25) and Eq(27) into Eq(6):
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Now, the number of unknowns are reduced to 
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The above equation could be rearranged as:
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Remark:
The example from Ehlde and Zacchi use the same notation to name both reaction and enzyme.  For a clear definition on the control matrix 
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, please see example 1.
Remark:
The matrix 
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 shown in Ehlde and Zacchi has typo error for missing the “–“ sign in calculation of 
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Examples
1. Linear Pathway
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This example is used to test if general form MCA is the same as traditional MCA.  This example followed the example from Nielsen & Villadsen (1994).
  Kinetic parameters follows the MCA testing in May, 2006.  However, inhibition term of E2 is removed to simplify the case.  All reactions are reversible reactions.

[image: image295.wmf]1

,

1

,

1

1

,

1

,

1

1

1

1

1

1

1

X

S

eq

s

S

K

X

K

S

K

K

X

K

S

E

k

r

+

+

×

-

=

;


[image: image296.wmf]2

,

2

1

,

2

2

1

,

2

1

,

2

1

2

2

2

1

1

2

1

X

X

eq

X

X

K

X

K

X

K

K

X

K

X

E

k

r

+

+

×

-

=

;


[image: image297.wmf]2

,

3

2

,

3

3

2

,

3

2

,

3

3

3

3

3

2

1

3

2

X

X

eq

X

X

K

X

K

X

K

K

X

K

X

E

k

r

+

+

×

-

=

;


[image: image298.wmf]P

X

eq

X

X

K

P

K

X

K

K

P

K

X

E

k

r

,

4

3

,

4

4

3

,

4

3

,

4

4

4

4

3

1

3

+

+

×

-

=

.

Kinetic parameters:

k1 = 100,000 min-1;

k2 = 60,000 min-1;

k3 = 300,000 min-1;

k4 = 150,000 min-1;

K1s = 0.5 mM;

K1x1 = 0.8 mM;

Keq1 = 0.8;

K2x1 = 1.0 mM;

K2x2 = 1.5 mM;

Keq2 = 2;

K3x2 = 1.3 mM;

K3x3 = 0.3 mM;

Keq3 = 0.15;

K4x3 = 0.1 mM;

K4p = 2.0 mM;

Keq4 = 4;

S = 10 mM;

P = 5 mM;

X1 (t = 0) = 0.01 mM;

X2 (t = 0) = 0.01 mM;

X3 (t = 0) = 0.01 mM;

E1 = 1.0 x 10-3 mM;

E2 = 1.8 x 10-3 mM;

E3 = 0.3 x 10-3 mM;

E4 = 0.8 x 10-3 mM.

Steady state solution by Polymath:

X1 = 6.8950628 mM;

X2 = 11.143514 mM;

X3 = 1.3848296 mM;

J = 9.326307 mM / min.

Linear pathway approach:
Elasticity coefficient matrix:
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Control coefficient matrix:
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Generic procedures:
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 (Note that: 
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Note that:
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2. Branched Pathway – 1 Substrate, 2 Products
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Kinetic parameters:

k1 = 100,000 min-1;

k2 = 60,000 min-1;

k3 = 300,000 min-1;

k4 = 150,000 min-1;

k5 = 250,000 min-1;

k6 = 350,000 min-1;

K1s = 0.5 mM;

K1x1 = 0.8 mM;

Keq1 = 0.8;

K2x1 = 1.0 mM;

K2x2 = 1.5 mM;

Keq2 = 2;

K3x2 = 1.3 mM;

K3x3 = 0.3 mM;

Keq3 = 0.15;

K4x3 = 0.1 mM;

K4p = 2.0 mM;

Keq4 = 4;

K5x2 = 0.9 mM;

K5x4 = 0.5 mM;

Keq5 = 2.5;

K6x4 = 1.3 mM;

K6q = 1.8 mM;

Keq6 = 4.5;

S = 10 mM;

P = 1.5 mM;

Q = 5 mM;

X1 (t = 0) = 0.01 mM;

X2 (t = 0) = 0.01 mM;

X3 (t = 0) = 0.01 mM;

X4 (t = 0) = 0.01 mM;

E1 = 1.0 x 10-3 mM;

E2 = 1.8 x 10-3 mM;

E3 = 0.3 x 10-3 mM;

E4 = 0.8 x 10-3 mM;
E5 = 0.5 x 10-3 mM;
E6 = 0.7 x 10-3 mM.

Steady state solution by Polymath:

X1 = 3.9607873 mM;

X2 = 2.9362942 mM;

X3 = 0.3962178 mM;

X4 = 2.0966136 mM;

Jr1 = 38.911942 mM / min;
Jr2 = 38.911942 mM / min;
Jr3 = 4.4573757 mM / min;

Jr4 = 4.4573757 mM / min;

Jr5 = 34.454566 mM / min;

Jr6 = 34.454566 mM / min.

MCA Solution
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By observation, we can select r4 and r6 as independent fluxes.  Since all intermediates are independent but 4 dependent fluxes in the system, we should move those two independent flux columns to the left-hand-side of the stoichiometry matrix 
[image: image343.wmf]N
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Note:
I tried several combinations of selected independent fluxes.  Many of these combinations can’t perform following matrix operations.  Renumbering columns / rows in the stoichiometry matrix 
[image: image345.wmf]N

 could be a big problem if the system is large and complicate.
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Counter check the flux link matrix:
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Note that:
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It may be possible to interpret the above control coefficient matrix 
[image: image367.wmf]C

 as:
(1) To enhance flux to produce more product P, we should enhance enzyme E5;

(2) To enhance flux to produce more product Q, we should enhance enzyme E2.

Note:
Further checking on the elasticity calculation is a must, since it is the procedure that most easy to have typo error.  And there is negative values in the control coefficient matrix 
[image: image368.wmf]C

.  It seems there is error during calculation.
� In MCA, flux is the same of reaction rate � EMBED Equation.3  ��� or � EMBED Equation.3  ���, Ehlde & Zacchi, p.2603.


� Reder, p. 179.


� J. Nielsen & J. Villadsen, Bioreaction Engineering Principles, Plenum, 1990, p. 132.
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