Metabolic Control Analysis
1. Introduction

A linear pathway is used to illustrate how metabolic control analysis (MCA) works.  This linear pathway is as bellow:
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The substrate 
[image: image2.wmf]S

 is converted to a metabolic product 
[image: image3.wmf]P

 through 4 enzymatic reactions, i.e., there are (4 - 1) intermediates 
[image: image4.wmf]Xi

, where 
[image: image5.wmf]i

 = 1, ..., (4 - 1).  The enzyme activity (or enzyme concentration, if it is proportional to activity) of the i-th enzyme is taken to be 
[image: image6.wmf][

]

Ei

, where 
[image: image7.wmf]i

 = 1, ..., (4 - 1), and the overall steady-state flux through this linear pathway is 
[image: image8.wmf]R

.  A feedback inhibition of the second enzyme in the pathway by the last intermediate is introduced as shown in above figure.  The system is assumed to be at a steady state, and the overall flux through the pathway therefore equals the net rate of each enzymatic reaction.  The steady state is characterized by the enzyme activities.  If the activity level is changed, the system reaches a new steady state, whereas if the concentration of one of the intermediates is changed, the system will return to the same steady state.  In MCA the system is analyzed by examining the influence of variations of the enzyme level and the level of the intermediates on the overall flux through the pathway.
2. Enzymatic Kinetics

Reaction rates of the four enzymatic reactions as
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3. Elasticity Coefficients

Above four kinetic equations (Equation 1 ~ 4) are input into Mathematica to get the derivatives for elasticity coefficients, 
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The elasticity coefficient matrix is
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In Mathematica:
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4. Steady-State Solution

Let the boundary concentrations, enzyme concentrations and kinetic parameters as following:
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 = 1.0 x 10-3 mM; 
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 = 0.3 x 10-3 mM; 
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4

E

 = 0.8 x 10-3 mM.

In order to obtain the elasticity coefficient matrix (5), we need to substitute steady state intermediate concentrations into those coefficients.  Polymath will be used to seek the steady state solution:
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The steady state intermediate concentrations are:
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Input above kinetic parameters and steady state solution into Mathematica, the elasticity coefficient matrix will be
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5. Control Coefficient Matrix
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For a nonsingular 
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, the control coefficient are obtained as
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In Mathematica:
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The control coefficient matrix contains flux-control (or sensitivity) coefficients (FCC) and concentration-control coefficients (CCC):
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Where the elements in the first column, 
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, are the FCC and the elements in the remained columns, 
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Among those FCC, it is observed that enzyme E2 has the highest value and therefore it is the rate-limiting step.
6. Modification of Pathway

MCA suggests a systematic way of improving the overall performance of a metabolic pathway.  From above analysis, it is observed that enzyme E2 is the rate-limiting step.  We can either (1) increase in its concentrations, or (2) modify enzyme E2 if there is no inhibition from intermediate X3.

For approach (1), let us double the enzyme concentration for E2.  The new steady state solution from Polymath is:
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It is assumed that boundary concentrations, kinetic parameters are remained unchanged.

With the new enzyme concentrations and steady state intermediate concentrations, the elasticity coefficient matrix will become:
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.
And the corresponding control coefficient matrix will be:
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Now, the values of those FCC are different from the original pathway and enzyme E3 has the highest FCC value.  It means that after double the enzyme concentration for E2, E2 is no longer the rate-limiting step but E3.

For approach (2), assume we can modify enzyme E2 so that it will be no longer inhibited by intermediate X3.  And the new reaction kinetic of E2 is:
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Note that the enzyme concentration of E2 will not change in this case, i.e., 
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2

E

 = 1.8 x 10-3 mM.  It is also assumed that boundary concentrations, kinetic parameters are remained unchanged.
The new steady state solution from Polymath is:
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Note that as the reaction kinetic of E2 changed, the elasticity coefficient changes too:
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The value of 
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e

 is zero now due to there is no more inhibition from X3 on E2.

And the control coefficient matrix is:
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The FCC value of E2 now is lower than before.  However, it still has the highest FCC value and it is still the rate-limiting step.
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