METABOLIC ENGINEERING:

Consider a Pathway of (L) Enzymes(Ei) and (L-1) Intermediates (Ij) where i-1,….L and j=1,…..L-1
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Flux Control (Sensitivity) Coefficients:
The sensitivity of the overall steady-state flux r with respect to individual enzyme activities at a given set of internal cellular conditions (concentrations of intermediates, inhibitors, growth factors etc)
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They have a value of between 0 and 1 for a linear pathway but may have a negative value for some branched pathways.
Flux Control Summation Theorem:
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This theorem relates the change of the overall pathway flux with the fractional change in the enzyme activities. If all of the enzymes change by the same fractional change, then the overall pathway flux must change by the same fraction.
A “bottleneck” is thought to occur when an individual Flux Control (Sensitivity) Coefficient deviates from the average of 1/L for a pathway of L intermediates.

Proof of Theorem:
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Hence:
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Using Equation (1), Equation (5) becomes:
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which from Equation (3) and (4) becomes Equation (2)

Concentration Control Coefficients:
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(7)
These coefficients relate the relative change in the level of the jth Intermediate with a change in the activity of ith enzyme.

Since the level of intermediates is not changed when the enzyme activities are changed by the same factor, a:
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(8)

or 
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Elasticity Coefficients (of ith Enzyme):
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(10)

ri = the net rate of the ith enzymatic reaction

Ij = the jth Intermediate
Flux-Control Connectivity Theorem:
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Proof of the Flux-Control Connectivity Theorem

The differential change of the ith reaction (ri) caused by a differential change in the jth intermediate (Ij) is given by:
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or 
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(13)

A fractional change in the rate of the ith reaction can also be balanced by changing the level of the ith enzyme by the same and opposite fractional change. Hence:
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Subtracting Equation (11) form Equation (10):
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If we change the internal reaction rates without changing the overall total flux through the pathway (by balancing the increase or decrease of the individual reaction rates by a corresponding increase or decrease of the enzyme levels, then:


[image: image18.wmf]E

dE

C

i

i

r

i

r

dr

å

=

=

L

1

-

i

 

  

0

  

  

  from Equation (6)



(16)

Combining Equation (13) with Equation (12)
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Since a fractional change was imposed on each of the L-1 Intermediates (Ij) and dIj ( 0

Then Equation (8) may be obtained.

Other Connectivity Theorems:
Two other connectivity theorems were developed by Westerhoff and Chan (1984) and are given here without formal proof (reference paper in included on WebCT):
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Equations (2), (9), (11), (18) and (19) may be combined and represented in Matrix Notation:
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For non-singular E, C may be obtained by E-1
The first column of the C matrix gives the numerical values of the Control Coefficients
Note on Matrices:
<A> We have E x C = I

<B> The element in I(i,j) = SUM[ e(i,k) x C(k,j) ] = E(row i) x C(column j)

<C> For element I(1,1) = SUM[ 1 x Cr(k) ] = 1 ---> Equation (2)
<D> For element I(1,j) = SUM[ 1 x C(k,j) ] = 0 ---> Equation (9)
For remained elements in I:

<E> For i = j, I(i,j) = SUM[ e(i,k) x C(k,j) = 1, where i = j; i,j = 1 to

L-1; k = 1 to L ---> Similar to Equation (18)
Equation (18): SUM[ C(i,j) x e(j,i) ] = 1, j = 1 to L-1
Note that the "j" in equation (18) is from 1 to L-1, which is the same as "i",

"j" in equation <E>.  Although it is not explicitly stated, the range of

j in Equation (18), it should be from 1 to L, and it should be the same as

"k" in equation <E>.
Therefore, Equation (18) = Equation <E>
<F> For i NOT = j, I(i,j) = SUM[ e(i,k) x C(k,j) = 0, where i NOT = j; i =

1 to L-1; j = 1 to L-1; k = 1 to L ---> Equation (18),by the same

reasoning as above.
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